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Introduction

Let Gy = (a1, ..., a,) be a finite Abelian group (additive
notation).

Consider the Cayley digraph Cay(Gy,{a1,..,an}, {W1,...., Wi, }),

where W; > 0 are the weighs of the arcs u Wi+ a; for any
ue Gy and i€ {l,..,n}.

The length of a path is the sum of the weighs of his arcs.

A minimum path from u to v is a path of minimum lentgh over
all paths from u to v.

The distance from u to v is the lentgh of a minimum path from
u to v.
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Many metric results use minimum distance diagrams (MDD)
related to these digraphs as a main working tool.
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Introduction

Many metric results use minimum distance diagrams (MDD)
related to these digraphs as a main working tool.

These diagrams can be seen as a geometric view of the hole

digraph. They can assist intuition when working with
distance-related ideas and reasonings.
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Sabariego and Santos, 2009 gave an algebraic description of a
MDD related to G = Cay(Zy, {a1,...,an}, {Wi, ..., Wp}).
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Sabariego and Santos, 2009 gave an algebraic description of a

MDD related to G = Cay(Zy, {a1,...,an}, {Wi,..., W, }). Given
(i1, ey i) € N, set

li1, vin] = [it,i1 4+ 1] X -+« X [in,in + 1] € R,
8(it, oyin) = W14 4 i, Wh,
Air,eein) = Al ndn] 0 0< 1 <dn, 0 < g Sint,
Cm = Ali1, - in] : 4101 + - +ipa, = m(mod N)}.
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Sabariego and Santos, 2009 gave an algebraic description of a
MDD related to G = Cay(Zn, {a1,....,an},{Wi,...,Wy}). Given
(11, .y i) € N, set

[[il, ,Zn]] = [il,il + 1] X oo X [Zn,Zn + 1] S Rn,
5(1177271) = Z1W1++Zan7
A(it, yin) = {[j1, - dn] = 0 <1 <idg, e, 0 < i <

Cm = A{li1,in] : G101 + -+ +ina, = m(mod N)}.

An MDD related to G is any unitary-cube-made region,
H C R>¢", such that
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Sabariego and Santos, 2009 gave an algebraic description of a
MDD related to G = Cay(Zn, {a1,...,an},{W1, ..., W,}). Given
(11, .y i) € N, set

i1, oin] = [i1,01 + 1] X -+ X [in,inp + 1] € R™,
0(i1y ceeyin) = Wi+ +i, Wy,
A, eyin) = {1, oin] s 0<j1 <inyn, 0 < gn i},
Cm = Ali1,- 0] : 4101+ -+ ina, = m(mod N)}.

An MDD related to G is any unitary-cube-made region,
H C R>¢", such that
(1) Each [m]ny € Zy is represented by a unique

[[il, ey Zn]] e HNCpy,.
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Sabariego and Santos, 2009 gave an algebraic description of a
MDD related to G = Cay(Zn, {a1,...,an},{W1, ..., W,}). Given
(11, .y i) € N, set

i1, oin] = [i1,01 + 1] X -+ X [in,inp + 1] € R™,
0(i1y ceeyin) = Wi+ +i, Wy,
A, eyin) = {1, oin] s 0<j1 <inyn, 0 < gn i},
Cm = Ali1,- 0] : 4101+ -+ ina, = m(mod N)}.

An MDD related to G is any unitary-cube-made region,
H C R>¢", such that
(1) Each [m]ny € Zy is represented by a unique
[[il, ey Zn]] e HNCpy,.
(2) If [m]n ~ [i1,..., 0], then
(5(i1, O ln) = min{é(jl, ,]n) : [[jl, ,jn]] S Cm}
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Introduction

Sabariego and Santos, 2009 gave an algebraic description of a
MDD related to G = Cay(Zn, {a1,...,an},{W1, ..., W,}). Given
(11, .y i) € N, set

i1, oin] = [i1,01 + 1] X -+ X [in,inp + 1] € R™,
0(i1y ceeyin) = Wi+ +i, Wy,
A, eyin) = {1, oin] s 0<j1 <inyn, 0 < gn i},
Cm = Ali1,- 0] : 4101+ -+ ina, = m(mod N)}.

An MDD related to G is any unitary-cube-made region,
H C R>¢", such that
(1) Each [m]ny € Zy is represented by a unique

[[il, ey Zn]] e HNCpy,.
(2) If [m]n ~ [i1,..., 0], then

(5(i1, O ln) = min{é(jl, ,]n) : [[jl, ,jn]] S Cm}
(3) If [i1, ..., 3] € H, then A(iy,...,i,) C H,
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Exemple 1: Cay(Za x Zg,{(1,2),(1,1)},{1,1})
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Exemple 1: Cay(Za x Zg,{(1,2),(1,1)},{1,1})

i
i
3) 1 (05
|
i
il SeEeEt
02 1 (14
|
|
________________
| | |
| | |
(1,1) ! (0,3) ! (1,5) ! (0,1)
| |
| |
| | |
(0,0) : (1,2) : (0,4) : (1,0)
| | |
o = = = T wae

Some metric results on weighted 2—-Cayley digraphs



Exemple 1: Cay(Za x Zg,{(1,2),(1,1)},{1,1})
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Exemple 1: Cay(Za x Zg,{(1,2),(1,1)},{1,1})
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Example 3: Cay(Zg,{1,4,7},{1,1,1})
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Example 3: Cay(Zy,{1,4,7},{1,1,1})
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Example 3: Cay(Zo,{1,4,7},{1,1,1})
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Example 3: Cay(Zo,{1,4,7},{1,1,1})
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Example 3: Cay(Zo,{1,4,7},{1,1,1})

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
Maximum genus of numerical 3—-semigroups

Introduction

Example 3: Cay(Zo,{1,4,7},{1,1,1})
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Example 3: Cay(Zo,{1,4,7},{1,1,1})
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Many shapes appear in the 3D case
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Many shapes appear in the 3D case
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Many shapes appear in the 3D case
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Many shapes appear in the 3D case

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introdu

[m]

=

=] A
Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
Maximum genus of numerical 3—-semigroups

Introduction

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
Maximum genus of numerical 3—-semigroups

Introduction

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
Maximum genus of numerical 3—semigroups

Introduction

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
Maximum genus of numerical 3—semigroups

Introduction

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
Maximum genus of numerical 3—semigroups

Introduction

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
Maximum genus of numerical 3—semigroups

Introduction

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
Maximum genus of numerical 3—semigroups

Introduction

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
Maximum genus of numerical 3—semigroups

Introduction

Most properties of MDDs are well known when n = 2. And

many studies on the diameter have been derived from their

geometrical approach (sharp lower bound, optimal-diameter
families of digraphs, etc).
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Introduction

Most properties of MDDs are well known when n = 2. And

many studies on the diameter have been derived from their

geometrical approach (sharp lower bound, optimal-diameter
families of digraphs, etc).

Less is known on generic results of MDDs when n > 3. There is
no geometrical description of them.
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Given aq,...,a, € N, with 1 < a1 < ... < a, and
{a1,...,ap} is

ged(ay, ..., an) = 1, the numerical n—semigroup S generated by

S =(a,...,an) = {x1a1 + -+ + Tpay : =1,...,x, € N}.
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Given aq,...,a, € N, with 1 < a1 < ... < a, and

ged(ay, ..., an) = 1, the numerical n—semigroup S generated by

S =(a,...,an) = {x1a1 + -+ + Tpay : =1,...,x, € N}.

The set of holes of S is S =N\ S and |S| < oo holds.
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Given ay,...,a, € N, with 1 < a; < ... < a, and
ged(ay, ..., an) = 1, the numerical n—semigroup S generated by

{ay,...,a,} is
S ={(at,....,an) ={r1a1 + -+ xpan : x1,...,2, € N}.

The set of holes of S'is S = N\ S and |S| < oo holds.

The Frobenius number and the genus of S are f(S) = max S and
g(S) = |S], respectively.
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Introduction

Given ay,...,a, € N, with 1 < a; < ... < a, and
ged(ay, ..., an) = 1, the numerical n—semigroup S generated by

{ay,...,a,} is
S ={(at,....,an) ={r1a1 + -+ xpan : x1,...,2, € N}.

The set of holes of S'is S = N\ S and |S| < oo holds.

The Frobenius number and the genus of S are f(S) = max S and
g(S) = |S], respectively.

Given t € S\ {0}, the Apéry set of S with respect to ¢ is
Ap(S,t)={se€S: s—te S}
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semigroups.

Apéry sets are main tools to study properties of numerical
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semigroups. For instance, Selmer 1977 gave

(a) f(5) = max(Ap(S,t)) — ¢,

Apéry sets are main tools to study properties of numerical

(b) 8(S8) = 1 (Xseap(sp ) —
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Apéry sets are main tools to study properties of numerical
semigroups. For instance, Selmer 1977 gave

(a) §(5) = max(Ap(S,t)) — ¢,
(b) 8(S) = § Xseap(sn ) — 5

It is well known that

Ap(S,t) ={ag,...,cu—1: ag € [k];,0 < k < t}.

o 5 = = 9Dar
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Apéry sets are main tools to study properties of numerical
semigroups. For instance, Selmer 1977 gave

(a) f(S) = max(Ap(S,1)) — ¢,
(b) 8(S) = § Xseap(sn ) — 5

It is well known that
Ap(S,t) ={ag,...,cu—1: ag € [k];,0 < k < t}.

Ap(S,t) has been used for factoring in S.
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related MDD H,

Taking G = Cay(Z,,,,{a1,...,an—1},{a1,...,an—1}) and any

Ap({ay,...,an),an) = {0(i1, ooyin—1) : [i1,.ryin—1] € H}.
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Taking G = Cay(Z,,,,{a1,...,an—1},{a1,...,an—1}) and any
related MDD H,

Ap((al, ...,an>,an) = {(5(11, ...,’in_1> : [[il, ...,in_l]] S H}

Thus, numerical semigroups and Cayley digraphs are connected
through their related minimum distance diagrams.
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Given m € S = (a1, ..., a,), a factorization of m in S is
(z1,...,xn) € N” such that zia1 + -+ + zpa, =m

F(m,S) ={(z1,....,2n) e N" : ayz1 + - - - + zpay, = m}

The denumerant of m in S is d(m, S) = |F(m, S)|.
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Example: m =87, S = (5,7,11)
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Example: m =87, S = (5,7,11)

198 103108f113118123 ho 8;11737315.3: %1}51155175311581163 168173178 1%53i§8f15§|

91 196 ‘101106}111}116121}126‘131‘136‘141146‘151‘156 161‘166‘171176‘181‘186}

s St - J
84 189 \94 99 \104\10911141119124\129\134139\144\149154\159\164\169\1741791

77 82 87 92! 97 102‘107‘112117122127132137142147152157162167175:
170 l 75 80 185 \90 95 \100\105110\115\12011251130135\140\145150\155\1601651

—
163,68 73 78! 83 88! 193198 1031108/113118]123}128133/138{143)148153]158|

\56 I 61 66 ! 71 \76 18118691 \96 \101106\111\116121\126\131\136\141146\151\
T

‘49 54 5964697479 84! 89 94 [99 ‘104109114119124129134139144‘
142 47\52\57 62\67\72 77\82\87\92\97 102\107\112117\122\127132\137\
e — I L

'35]40! 45 50 55 60’ 65 70'7580,85,90] 95 ‘100105110115120125130
128[33138143 148153 58\63\68 73\78\83 88\93\98 \103\108113\118\123
. i

L_
1212631364146 51 56‘61 66‘71 76 81‘86 91‘96 ‘101106‘111116

1411912429 134139 [441491541591 64 69\74\79 84\89\94 99\104\109\
PR R S [ S L L L

[ 7 112117] 221273237 42475257 62‘67}72 77‘32 87192197 102}

015 5120[25?30?35 40145150 5571766765\70\75 80\85\90 95
[ I (Y S (S i L i L [ R J—
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Example: m =87, S = (5,7,11)

198 103108f113118123 ho 8;11737315.3: %1}51155175311581163 168173178 1%53i§8f15§|

91 196 ‘101106}111}116121}126‘131‘136‘141146‘151‘156 161‘166‘171176‘181‘186}

s St - J
84 189 \94 99 \104\10911141119124\129\134139\144\149154\159\164\169\1741791

77 82 87 92! 97 102‘107‘112117122127132137142147152157162167175:
170 l 75 80 185 \90 95 \100\105110\115\12011251130135\140\145150\155\1601651

—
163,68 73 78! 83 88! 193198 1031108/113118]123}128133/138{143)148153]158|

\56 I 61 66 ! 71 \76 18118691 \96 \101106\111\116121\126\131\136\141146\151\
T

‘49 54 5964697479 84! 89 94 [99 ‘104109114119124129134139144‘
142 47\52\57 62\67\72 77\82\87\92\97 102\107\112117\122\127132\137\
e — I L

'35]40! 45 50 55 60’ 65 70'7580,85,90] 95 ‘100105110115120125130
128[33138143 148153 58\63\68 73\78\83 88\93\98 \103\108113\118\123
. i

L_
1212631364146 51 56‘61 66‘71 76 81‘86 91‘96 ‘101106‘111116

1411912429 134139 [441491541591 64 69\74\79 84\89\94 99\104\109\
PR R S [ S L L L

[7112117|22127132 137142 [47 1521 57 62‘67}72 77‘32 87192197 102}
015 5120[25?30?35 40145150 55160T65\70\75 80\85\90 95
[ I (Y S (S i L i L [ R J—
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Example: m =87, S = (5,7,11)

198 103108f113118123 ho 8;11737313.3:8;]1:17311;87\175311581163 168173178 1%53i§8f15§|

91 196 ‘101106}111}116121}126‘131‘136‘141146‘151‘156 161‘166‘171176‘181‘186}

s St - J
84 189 \94 99 \104\10911141119124\129\134139\144\149154\159\164\169\1741791

77 82 87 92! 97 102‘107‘112117122127132137142147152157162167175:
170 l 75 80 185 \90 95 \100\105110\115\12011251130135\140\145150\155\1601651

—
163,68 73 78! 83 88! 193198 11031108/113118,123}128133/138{143)148153]158|

\56 I 61 66 ! 71 \76 18118691 \96 \101106\111\116121\126\131\136\141146\151\
T

‘49 54 5964697479 84! 89 94|99 ‘104109114119124129134139144‘

14247 \52 157 62 | 67 \72 77 \82 \87 192197 102\107\112117\122\127132\137\
I

'35]40! 45 50 55 60’ 65 70175 80‘85‘90 95 ‘100105110115120125130

\r278 33 \38 I 43 \48 \ 53 58 163 \68 73 \ 78 \ 83 88 ! 93 \ 98 \103\108113\118\123

@26‘31 36'41'46 51 56‘61 66‘71 176! 81‘86 91‘96 ‘101106‘111116

2913413944149 154159164 69\74\79 84\89\94 99\104\109\
R N L L L

22,2732,37,42(47,52,57|62] 67‘72 77‘82 87,9297 102}

i \15120|25?3o?35 40\215756455\60\55\70\75]80\85\90 95
[ I (Y S (S I — |
{(2,0,7),(0,3,6)}
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Example: m =87, S = (5,7,11)

198 103108f113118123 ho 8;11737313.3:8;]1:17311;87\175311581163 168173178 1%53i§8f15§|

91 196 ‘101106}111}116121}126‘131‘136‘141146‘151‘156 161‘166‘171176‘181‘186}

s St - J
84 189 \94 99 \104\10911141119124\129\134139\144\149154\159\164\169\1741791

77 82 87 92! 97 102‘107‘112117 122 127 132137 142147 152157 162167 175:
\ 70 \ 75 80 185 \90 95 \100\105110\115\12011251130135\140\145150\155\160165;

—
‘63 68 73 78! 83 88! 193198 11031108/113118,123}128133/138{143)148153]158|

\r56j\ 61 66 ! 71 \76 18118691 \96 w101106\111\116 121\126\131\136\141146\151\

L,J,, L L .

69,7479 84! 89 94|99 ‘104109114119124129134139144‘

62 | 67 \72 77 \82 \87 192197 102\107\112117\122\127132\137\
I

55 60! 65 7075 80‘85‘90 95 ‘100105110115120125130

58 163 \68 73 \ 78 \ 83 88 ! 93 \ 98 \103\108113\118\123

51 56 ‘61 66 ‘ 71 76 81 ‘86 91 ‘96 ‘101106‘111116

3 44\49\54\59\64 69\74\79 84\89\94 99\104\109\
L P

1374247525762 67‘72 77‘82 87,9297 102}
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{(2,0,7),(0,3,6),(5,1,5),(3,4,4),(1,7,3)}
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Example: m =87, S = (5,7,11)

198 103108f113118123 ho 8;11737313.3:8;11:17311587\175311581163 168173178 178§ii§8flbé|

91 196 ‘101106}111}116121}126‘131‘136‘141146‘151‘156 161‘166‘171176‘181‘186}

-t T d
84 189 \94 99 \104\10911141119124\129\134139\144\149154\159\164\169\1741791
771 18269 ‘ 92|97 [Lo2107112h17! 172721277417372157 142147152157162167172]
170175 95 \100\105110\115\12011251130135\140\145150\155\1601651

‘63 68 813

—
88! 193198 11031108/113118,123}128133/138{143)148153]158|

\r56j\ 61 66171 | 91 \96 \101106\111\116 121\126\131\136\141146\151\
L L

84! 89 94|99 ‘104109114119124129134139144‘
77182187192197 102\107\112117\122\127132\137\
! L

80,8590 95 ‘100105110115120125130
73 \ 78 \ 83 88 ! 93 \ 98 \103\108113\118\123

66 ‘ 71 76 81 ‘86 91 ‘96 ‘101106‘111116

15916469174 \ 79 84 ! 89 \ 94199 \104\109\
I~

I e
128
L

X 47 525742 67‘72 77‘82 87192197 102}
[0 5 i(he 5\20|gi370j§§'47o£5:::5§%1@\70\75]80\85\90 %5:3
{(27 07 7)7 (07 37 6)/ (57 17 5)7 (37 47 4)7 (17 77 3)7 (8/ 27 3)7 (137 07 2)7
(6,5,2),(4,8,1),(2,11,0)}
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Introduction

Example: m =87, S = (5,7,11)

198 103108f113118123 ho 8;11737313.3:8;11:17311587\175311581163 168173178 178§ii§8flbé|

91 196 ‘101106}111}116121}126‘131‘136‘141146‘151‘156 161‘166‘171176‘181‘186}

-t T d
84 189 \94 99 \104\10911141119124\129\134139\144\149154\159\164\169\1741791
771 18269 ‘ 92|97 [Lo2107112h17! 172721277417372157 142147152157162167172]
170175 95 \100\105110\115\12011251130135\140\145150\155\1601651

‘63 68 813 2815

—
88! 193198 11031108/113118,123}128133/138{143)148153]158|

\r56j\ 61 66171 | 91 \96 \101106\111\116 121\126\131\136\141146\151\
L L

84! 89 94|99 ‘104109114119124129134139144‘
77182 \@l 92197 102\107\112117\122\127132\137\
! !

5190|905 ‘100105110115120125130

28|33 18388193198 Lo310gfL13118123
L L L 1 P

/81,86/91,96 ‘101106‘111116

691 74% 4 189 | 94199 \104\109\

A 2! 67‘72 17718 '92197 102}
5 | 5\20|25?3o?35 40145150 5516 \70\75]80\85\90 95
| SN R S N i L

.(0,3,6),(5,1,5), (3,4,4), (1,7,3), 872,5,"1‘3,0,2 :
) 7)2()7(478)1()a(271)17(0%(11?3(/1)’(1>6a(1a0)7()97(670)} )
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MPD characterization

Minimum path enumeration

MINIMIUM PATH DIAGRAM OF WEIGHTED 2—CAYLEY DIGRAFS

[m] = =

= DA
Cayley

digraphs



MPD characterization

Minimum path enumeration

We are interested in computing the number of minimum paths

between any pair of vertices of G = Cay(Gy, {a, b}, {Wa, Wp}).

[m] = =

=] A
Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
aximum genus of numerical 3—semigroups

Minimum path diagram: definition

MPD characterization
Minimum path enumeration

We are interested in computing the number of minimum paths
between any pair of vertices of G = Cay(Gy, {a, b}, {Wa, Wp}).

To this end, we define the minimum path diagram (MPD)
associated with G as the unit—square—-made region in RZOQ,
P(Gn,{a,b}, {W,, Wp}), such that it contains each minimum
path in G exactly once.
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MPD characterization
Minimum path enumeration

Minimum path diagram: definition

We are interested in computing the number of minimum paths
between any pair of vertices of G = Cay(Gy, {a, b}, {Wa, Wp}).

To this end, we define the minimum path diagram (MPD)
associated with G as the unit—square—-made region in RZOQ,
P(Gn,{a,b}, {W,, Wp}), such that it contains each minimum
path in G exactly once.

We need a practical description of P to work with. This
description will be given from any MDD .

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Let us assume H is an MDD related to G.

g=[l—w-1,Ah—1]

p=[—-1h—y—1]

H =L, h,w,y)
[0,0]
m
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MPD characterization
Minimum path enumeration

Minimum path diagram: definition

Let us assume H is an MDD related to G.

g=[l—-w—-1,h—1]

H=L(,h,w,y)

[0,0]
=

Inequallity (IW, — yW)(hW, — wW,) > 0 holds and both
factors don’t vanish.

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Introduction
Minimium path diagram of weighted 2—Cayley digrafs
aximum genus of numerical 3—semigroups

MPD characterization
Minimum path enumeration

Minimum path diagram: definition

Let us assume H is an MDD related to G.

g=[l—-w—-1,h—1]

H=L(,h,w,y)

[0,0]
=

Inequallity (IW, — yW)(hW, — wW,) > 0 holds and both
factors don’t vanish.

Set u = (I,—y) and v = (—w, h).

Seminari CombGraph, MA-IV Some metric results on weighted 2—-Cayley digraphs



Theorem 1 (characterization of P)
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MPD characterization
Minimum path enumeration

Minimum path diagram: characterization

Theorem 1 (characterization of P)
(a) If either d(p) = d(q), or 6(p) < 6(q) and (W, > yWp, or
d(p) > d(q) and hWy, > wW,, then

P(GNa {a’ b}7 {Waa Wb}) =H.
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MPD characterization
Minimum path enumeration

Minimum path diagram: characterization

Theorem 1 (characterization of P)
(a) If either d(p) = d(q), or 6(p) < 6(q) and (W, > yWp, or
d(p) > d(q) and hWy, > wW,, then

P(Gn, {a, b}, {Wa, Wp}) =

(b) If 6(p) < 0(q) and IW, = yWj, then
|24

(GN){CL b} {Wa)Wb} U A q-i—)\u)
A=0
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MPD characterization
Minimum path enumeration

Minimum path diagram: characterization

Theorem 1 (characterization of P)
(a) If either d(p) = d(q), or 6(p) < 6(q) and (W, > yWp, or
d(p) > d(q) and hWy, > wW,, then

P(Gn, {a, b}, {Wa, Wp}) =

(b) If 6(p) < 0(q) and IW, = yWj, then

L222]
P(Gn,{a,b}, {Wa, Wp}) = U A(g + Au).
A=0
(c) If 6(p) > 6(q) and hWj, = wW,, then
B
P(Gn, {a, b}, {Wa, Wi }) = | Alp+ o).
A=0
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Example 4: G = Cay(Zs x Z3,{(1,0),(0,1)},{1,1})
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MPD characterization

Minimum path enumeration

DDM # = L(3,3,0,0).

Example 4: Gy = Cay(Zs x Zs3,{(1,0),(0,1)},{1,1}), with

(0,2)

(1,2)

(2,2)
0,1)

(L1

(2,1)

(0,0)

(1,0)

(2,0)

[m]

=

= DA
Cayley

digraphs



MPD characterization

Minimum path enumeration

Example 4: Gy = Cay(Zs x Zs3,{(1,0),(0,1)},{1,1}), with
DDM H = 1.(3,3,0,0). Then, p =q = [2,2]

(0,0)

(1,0) (2,0)

[m]

=

= E 9Dad
Cayley digraphs
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Minimum path diagram: characterization

MPD characterization
Minimum path enumeration

Example 4: G = Cay(Zs x Zs3,{(1,0),(0,1)},{1,1}), with
DDM H = L(3,3,0,0). Then, p =q = [2,2] and
d(p) = 0(q) =4,

(0,2) (1, 2) (2,2)
(0,1) (1L, 1) (2,1)
(0,0) (1,0) (2,0)
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Minimum path diagram: characterization

MPD characterization
Minimum path enumeration

Example 4: G = Cay(Zs x Zs3,{(1,0),(0,1)},{1,1}), with
DDM H = L(3,3,0,0). Then, p =q = [2,2] and
d(p) =9(q) =4,s0 P =H.

(0,2) (1, 2) (2,2)
(0,1) (1L, 1) (2,1)
(0,0) (1,0) (2,0)
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Example 5: Gy = Cay(Z12,{1,2},{1,2})

«O>r «Fr «=>» ANV &4



MPD characterization
Minimum path enumeration
Example 5: Gy = Cay(Z12,{1,2},{1,2}), with DDM
H =1L(12,1,2,0). Then, p = [11,0] ~ 11 and ¢ = [9,0] ~ 9
Thus, 6(p) = 11 > 0(q) =9 and hW} = 2 = wW,.

[m]

=

= = 9ace
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Minimum path diagram: characterization

MPD characterization
Minimum path enumeration

Example 5: Gy = Cay(Z12,{1,2},{1,2}), with DDM

H =1L(12,1,2,0). Then, p=[11,0] ~ 11 and ¢ = [9,0] ~ 9.
Thus, §(p) = 11 > §(q) =9 and hW}, = 2 = wW,. Ttem (c) of
Theorem 1 holds and P = | J3_, A((11,0) + A\(—2,4))
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Minimum path diagram: characterization

MPD characterization
Minimum path enumeration

Example 5: Gy = Cay(Z12,{1,2},{1,2}), with DDM

H =1L(12,1,2,0). Then, p=[11,0] ~ 11 and ¢ = [9,0] ~ 9.
Thus, §(p) = 11 > §(q) =9 and hW}, = 2 = wW,. Ttem (c) of
Theorem 1 holds and P = [J3_, A((11,0) + A(—2,4))

|
10 ' 11
I
I
I I I
8 , 9 , 10, 11
| | |
r~—— -~ ~"7- "~~~ T
6 | 7, 8 , 9 10, 11
[
| | | | | | |
4 1 5 1 6 1 7 1 8 1 9 1 10 ! 11
| | | | | | |
F-—-—l———t-—--F-—-l-——4-——-F—-——l-——
| | | | | | | | |
2, 3, 4 , 5, 6 7, 8 ;9,10 , 11
I I I I I I I I I
r— >~~~ T~ ~"~"r~" ">/ ~"~“""“"7""""fr""%/~"~“"~"39°" " °"(°° T
o, 1, 2,3, 4,5, .6 7,8, 9 10,1
L L L L L L L L L L L
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paths from 0 in G.

The MPD characterization allow us to enumerate the minimum
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MPD characterization
Minimum path enumeration

Minimum path diagram: enumeration

The MPD characterization allow us to enumerate the minimum
paths from 0 in G.

Let us assume that we can efficiently compute the unit square
associated with a given vertex w in H, i.e. u ~ [ig, jo] € H (A.
and Barguilla, 2008).
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Theorem 2 (enumeration)

«O0>» «Fr «=r» «E)» = Q>
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Minimum path diagram: enumeration

Theorem 2 (enumeration)

Given g ~ [ig, jo] € H = L(Il, h,w,y), where H is an MDD
associated with G, let N'(g, G) be the number of minimum
paths from 0 to g in G.

Seminari CombGraph, MA-IV Some metric results on weighted 2—Cayley digraphs
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Minimum path diagram: enumeration

Theorem 2 (enumeration)

Given g ~ [ig, jo] € H = L(Il, h,w,y), where H is an MDD
associated with G, let N'(g, G) be the number of minimum
paths from 0 to g in G. Then,

(a) if Theorem 1-(a) holds, then N (g, G) = (*}7°),

10
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Minimum path diagram: enumeration

Theorem 2 (enumeration)

Given g ~ [ig, jo] € H = L(Il, h,w,y), where H is an MDD
associated with G, let N'(g, G) be the number of minimum
paths from 0 to g in G. Then,

(a) if Theorem 1-(a) holds, then N (g,G) = (iojojo),

(b) if Theorem 1—(b) holds, then

2]

~ (o +jo+ Al —
N(g,G):Z<O ‘7.0_; y)>,

= Jo— Ay
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Minimum path diagram: enumeration

Theorem 2 (enumeration)

Given g ~ [ig, jo] € H = L(Il, h,w,y), where H is an MDD
associated with G, let N'(g, G) be the number of minimum
paths from 0 to g in G. Then,

(a) if Theorem 1-(a) holds, then N (g,G) = (iojojo),

(b) if Theorem 1—(b) holds, then

2]

A=0

(io + Jo + Al — Z/))
Jo— Ay 7

(c) if Teorema 1—(c) holds, then

12
3 (io + jo + A(h —
Voo =3 ("R TNTY)

A=0
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Example 6: Minimum paths from (0,0) to (2,2) in
Gs = CaY(Z3 X 13, {(L 0)7 (07 1)}a {17 1})
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MPD characterization
Minimum path enumeration

Minimum path diagram: enumeration

Example 6: Minimum paths from (0,0) to (2,2) in
Gs = Cay(Zs x Z3,{(1,0),(0,1)},{1,1}) are

SN

( 1,1) ( Zv 1 ( 1,1) ( 2v 1
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Example 6: Theorem 2—(a) holds with (2,2) ~ [2,2].
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2+2

)

N((2.2),C3) = (

Example 6: Theorem 2—(a) holds with (2,2) ~ [2,2]. Then,

«O>» «Fr «=>» = = A



Example 7: Gy = CaY(Z5007 {17 2}a {17 1})

«O>r «Fr «=>» ANV &4



Example 7: Gy = CaY(Z5007 {17 2}a {17 1})

G4 has related the MDD L(2, 250, 0, 1)

«0)>» «F»r «=>» o™



MPD characterization
Minimum path enumeration

Example 7: G4 = CaY(Z5007 {17 2}9 {17 1})

G4 has related the MDD L(2,250,0,1) and

#MP to p = 497: 249,
#MP to ¢ = 499: 250.

o =] = E T 9ae



Example 7: G5 = Ca‘Y(Z5OO7 {17 2}7 {17 2})

«O>r «Fr «=>» ANV &4



Example 7: G5 = Ca‘Y(Z5OO7 {17 2}7 {17 2})

G5 has related the MDDs L(2,250,0, 1) and L(500, 1,2, 0)

«0)>» «Fr «=»r « » o™
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MPD characterization
Minimum path enumeration

Minimum path diagram: enumeration

Example 7: G5 = Cay(Zsoo, {1,2},{1,2})

G5 has related the MDDs L(2,250,0,1) and L(500, 1,2,0) and

#MP to p = 497:
1394232245616978801397243828704072839500702565876973072641089
62948325571622863290691557658876222521294125,

#MP to ¢ = 499:
5325493296145942940693607070474249585412918826163642393957905
9478176515507039697978099330699648074089624.
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Problem statement
Solution

MAXIMUM GENUS OF NUMERICAL 3—SEMIGROUPS
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Closed expressions for f(.5) and g(.S) are known for
2—-semigroups only,

(a—1)(b—1) -1,
%(a—l)(b—l).

Frobenius 7

Sylvester 1884

«O0>» «Fr «=r» «E)» = o>
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Minimium path diagram of weighted 2—Cayley digrafs Problem statement
Maximum genus of numerical 3—-semigroups Solution

Genus: general comments

Closed expressions for f(.5) and g(.5) are known for
2—semigroups only,

f({a,b)) = (a—1)(b—1)—1, Frobenius ?

1
g({a,b)) = i(a —1)(b—1). Sylvester 1884

Many authors paid attention to find closed expressions for §(5)
before 1990.
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Introduction General comments
Minimium path diagram of weighted 2—Cayley digrafs Problem statement
Maximum genus of numerical 3—-semigroups Solution

Genus: general comments

Closed expressions for f(.S) and g(S) are known for
2—semigroups only,

f({a,b)) = (a—1)(b—1)—1, Frobenius ?

1
g({a,b)) = i(a —1)(b—1). Sylvester 1884

Many authors paid attention to find closed expressions for §(5)
before 1990.

Curtis 1990 proved the non-existence of polynomial expression
of §(S) for 3-semigroups.
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3-semigroups

F(N)

Lewin 1972 gave the following sharp upper bound of f(.S) for

LN -2)%2-1, N even,
max f({a,b,c)) =
a<b<c<N
sed(aben LV = 3)(V - 1)

—1, N odd.

«0)>» «Fr «=»r « » o™
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Genus: general comments

Lewin 1972 gave the following sharp upper bound of f(S) for
3-semigroups

%(N_Q)?—l7 N even,
F(N)= max f({a,b,c)) =
PR W =3)N-1)—1, Nodd

Erdés and Graham 1972 conjectured that critical semigroups
are S1 = (N —2,N —1,N) and Sy = (N/2, N — 1, N) for even
N >4, and S3=((N —1)/2, N —1,N) for odd N > 5.
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Introduction General comments
Minimium path diagram of weighted 2—Cayley digrafs Problem statement
Maximum genus of numerical 3—-semigroups Solution

Genus: general comments

Lewin 1972 gave the following sharp upper bound of f(S) for
3-semigroups

%(N_Q)?—l7 N even,
F(N)= max f({a,b,c)) =
PR W =3)N-1)—1, Nodd

Erdés and Graham 1972 conjectured that critical semigroups
are S1 = (N —2,N —1,N) and Sy = (N/2, N — 1, N) for even
N >4, and S3=((N —1)/2, N —1,N) for odd N > 5.

Dixmier 1990 proved this conjecture.
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Introduction General comments
Minimium path diagram of weighted 2—Cayley digrafs Problem statement
Maximum genus of numerical 3—-semigroups Solution

Genus: general comments

Lewin 1972 gave the following sharp upper bound of f(S) for
3-semigroups

%(N_Q)?—l7 N even,
F(N)= max f{({(a,b,¢c))=
PR W =3)N-1)—1, Nodd

Erdés and Graham 1972 conjectured that critical semigroups
are S1 = (N —2,N —1,N) and Sy = (N/2, N — 1, N) for even
N >4, and S3=((N —1)/2, N —1,N) for odd N > 5.

Dixmier 1990 proved this conjecture.

Hamidoune 1998 gave more general results for n > 3.
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What can we say about the function

G(N)=  max
1<a<b<c<N,

9({a,b,c)).
ged(a,b,e)=1

«O>r «Fr «=>» = = A



What can we say about the function

G(N)=  max
1<a<b<c<N,

9({a,b,c)).
ged(a,b,e)=1

Not known results.

«O>r «Fr «=>» = = A



Introduction

Minimium path diagram of weighted 2—Cayley digrafs

Maximum genus of numerical 3—-semigroups

Genus: problem statement

General comments
Problem statement
Solution

’ c \ Max g \ Critical semigrups H c \ Max g \ Critical semigrups ‘
4 1 (2,3,4) || 13 30 (6,12,13),(11,12,13)
5 2 (2,4,5),(3,4,5) | 14 36 (7,13,14), (12,13, 14)
6 4 (3,5,6),(4,5,6) || 15 42 (7,14,15), (13,14, 15)
7 6 (3,6,7),(5,6,7) | 16 49 (8,15, 16), (14,15, 16)
8 9 (4,7,8),(6,7,8) || 17 56 (8,16, 17), (15,16, 17)
9 12 (4,8,9),(7,8,9) | 18 64 | (9,17,18),(16,17,18)

10 16 (5,9,10), (8,9,10) || 19 72 (9,18,19), (17,18,19)

11 20 | (5,10,11),(9,10,11) || 20 81 | (10,19,20), (18,19, 20)

12 25 | (6,11,12),(10,11,12) || 21 90 | (10,20,21), (19,20, 21)
Maximum genus and critical semigroups for ¢ € {4,...,21}

Seminari CombGraph, MA-IV
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Example 8: Given S = (4,9, 11), the digraph
Cay(Z11,{4,9},{4,9}) has related the MDD L(5,3,4,1).

«0)>» «Fr «=»r « > o>
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Genus: solution

Example 8: Given S = (4,9, 11), the digraph
Cay(Z11,{4,9},{4,9}) has related the MDD L(5,3,4,1).
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Introduction General comments
Minimium path diagram of weighted 2—Cayley digrafs Problem statement
Maximum genus of numerical 3—-semigroups Solution

Genus: solution

Example 8: Given S = (4,9, 11), the digraph
Cay(Z11,{4,9},{4,9}) has related the MDD L(5,3,4,1).

Ap((4,9,11),11) = {0,4,8,9,12,13,16,17, 18,21, 25}
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Introduction General comments
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Genus: solution

Example 8: Given S = (4,9, 11), the digraph
Cay(Z11,{4,9},{4,9}) has related the MDD L(5,3,4,1).

Ap((4,9,11),11) = {0,4,8,9,12,13,16,17, 18, 21,25}
S ={1,2,3,5,6,7,10,14}
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Introduction General comments
Minimium path diagram of weighted 2—Cayley digrafs Problem statement
Maximum genus of numerical 3—-semigroups Solution

Genus: solution

Example 8: Given S = (4,9, 11), the digraph
Cay(Z11,{4,9},{4,9}) has related the MDD L(5,3,4,1).

Ap((4,9,11),11) = {0,4,8,9,12,13,16,17,18,21,25}
S ={1,2,3,5,6,7,10,14}
Selmer expression

_ 04+4+84+94124+13+164+174+18+21+425 11-1
g(<4,9,11>)— 11 ) =38
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Genus: solution

Let L(l, h,w,y) be an MDD associated with the semigroup
S = {(a,b,c). Then,

o9) = D0k (y 1
+y(l;Cw)[(l—w—l)a—k(Qh—y—l)b]—Cgl.

(%)

Let g(a,b,c,l, h,w,y) be defined by () on the compact K given
by the restrictions 4 <a+2<b+1<c <N,
1<w+1<Ii<c,1<y+1<h<candlh—wy=c.
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Set ¢ = (a,b,¢,l, h,w,y) € K and consider

with

K=K UKyUU

K,

{x € K: wy =0},
Ky, =
U =

{x e K: wy>1},

{xe K: 0<wy <1}

«0)>» «Fr «=»r « > o>



Set ¢ = (a,b,¢,l, h,w,y) € K and consider

with

K=K UKyUU

K,

{x € K: wy =0},
Ky, = {zeK: wy>1},
U =

{xe K: 0<wy <1}
Clearly MDDs given by points in U do not make sense.

«0)>» «Fr «=»r « » o™



Introduction General comments
Minimium path diagram of weighted 2—Cayley digrafs Problem statement
Maximum genus of numerical 3—-semigroups Solution

Genus: solution

Set = (a,b,¢,l, h,w,y) € K and consider
K=K UKyUU
with

K, = {xeK: wy=0},
Ky = {xcK: wy>1},
U = {zeK: 0<wy <1}

Clearly MDDs given by points in U do not make sense.

Thus, search can be restricted on the compact K; U K.
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Criticial points of ¢ are located in the border of Ky U K.

«O0>» «Fr «=r» «E)» = Q>



General comments
Problem statement
Solution

Criticial points of g are located in the border of K; U K.
8K1:

(1) For even N > 4: g = 3(N —2)? at
l=2,h=N/2,w=1,y=0,a=N/2,b=N—1,c= N and
I=N/2,h=2,w=1y=0,a=N—-2b=N—1,c=N.

(2) For odd N >5: g = (N —3)(N — 1) at
I=N,h=1lLw=2,y=0,a=1(N-1),b=N—-1,c=N.

o 5 = E = 9Dar



Introduction General comments
Minimium path diagram of weighted 2—Cayley digrafs Problem statement
Maximum genus of numerical 3—-semigroups Solution

Genus: solution

Criticial points of g are located in the border of K; U Ks.

6[(1:

(1) For even N >4: g = 1(N —2)? at
l=2,h=N/2,w=1,y=0,a=N/2,b=N —1,c= N and
I=N/2,h=2,w=1y=0,a=N—-2b=N—1,c=N.

(2) Forodd N >5: g =4(N —3)(N — 1) at
I=N,h=1l,w=2,y=0,a=5N—-1),b=N—1,c=N.

6[(2:

(3) For even N > 4: no valid point attains g = (N — 2)2.

(4) For odd N >5: g = 3(N —3)(N — 1) at
l=iN+1),h=2,w=1y=1,a=N-2b=N-1,c=N
and l=2h=Li(N+1),w=1y=1a=35N—-1),b=
N —1,c=N.
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General comments
Problem statement
Solution

Theorem

(N —2)% N even,

PN

G(N) =
(N —3)(N—1), N odd.

N

Critical semigroups are almost those of F(N):
(i) S1=(N—-2,N—1,N) and Sz = (N/2, N — 1, N) for even
N > 4.
(i) Sy and S5 = (N — 1)/2, N — 1, N) for odd N > 5.

o 5 = E = 9Dar
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