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Extremal Problems
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Given a number n and a family of graphs Ω, the 
objective is to obtain:  
The maximum  number of edges e such that any 
graph on n nodes and e edges has no subgraph
belonging to Ω.
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Classic Problem: Ω = {Triangle}
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Mantel (1927):  
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Ω = {Complete on p+1 vertices}
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Turàn (1940):  

free of K4
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Ω ={C4 }
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Example: n=5 vertices. Find a graph without 
squares having maximum number of edges.
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Ω ={C4 }
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Example: n=5 vertices. Find a graph without 
squares having maximum number of edges.

ex(5;C4)=6.
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Ω ={C4 }
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Reymann (1958):  

Clapham, Flokhart , Sheehan (1989), Yuansheng , 
Rowlinson (1992): 

Exact value of ex(n;C4) for n≤31.
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Ω ={C4 }
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Furedi (1989, 1996): q a prime power

Erdös, Renyi, Sós (1966), Brown (1966): Using 
polarity graphs for proving the lower bound. 
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Ω ={C4 }
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[ABL2010]: q a prime power
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Ω ={C4 }
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Firke, Kosek, Nash, Williford (2013): 
For q an even prime power:
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Open Problem
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To improve upper bounds and to find lower 
bounds.

Tool: Families of graphs free of even cycles have 
been constructed using methods based on 
random graphs or on incidence graphs of 
{finite geometries, some hypergraphs, etc} 
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Ω = {C2t } (even cycle)
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Bondy and Simonovits (1974):

Current fashion and open problem
Simonovits, Lazebnik, Ustimenko, Woldar, 
Furedi, Kostoshka, Alon, etc:

);(study  To 6Cnex
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From now on …
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From now on …
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To study the extremal function:

Structural properties for s≥4.
Some exact values for small n in comparison
with s.
Some results for s=4,5,6,7,11.
Asymptotic results for s=5,6,7,10,11.
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Structural properties
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[BCDGv2008]‐>

EveryG Є EX(n;{C3,C4,…,Cs}) has diam(G)≤s‐1.
Therefore (G) = (G).

(uv) = d(u) + d(v) ‐2
Minimum edge degree = (G).

[TLBM2009]‐> ’(G) = (G).
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Structural properties
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Garnick, Nieuwejaar 1992: 
What is the girth of a graph G Є EX(n;{C3,C4,…,Cs})? 
g=s+1 or it could be greater?
There are some G Є EX(n;{C3,C4,…,Cs}) with girth g≥s+2:  

f6(15)=18‐>
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Structural properties: the girth
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Structural properties: the girth
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The girth g of  G Є EX(n;{C3,C4,…,Cs}) is g=s+1 if:

[LW1997]‐> s ≥ 12 and

[BGv2007]‐> s ≥ 7 and



Structural properties: the girth
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The girth of G Є EX(n;{C3,C4,…,Cs}) is g=s+1 if

[LW1997]‐>  Δ(G)≥ s. 

[ABD2012]‐> 
 ‐> (G) ≥ s‐1.
 ‐> sd 2



Structural properties
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Exact values: Ω = {C3,…,Cs}
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[BDCGv2008]‐> For s≥4, if s+1≤ n ≤ 3s/2,  then fs(n)=n.
[A2009]‐> For s≥4:
 If 3s/2+1 ≤ n≤ 2s‐1, then fs(n)=n+1.
 If 2s ≤ n≤ 9s/4‐1, then fs(n)=n+2.
 If 9s/4 ≤ n≤ (8s‐2)/3‐1, then fs(n)=n+3.
 In particular for s=4:
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Exact values for s=5,7,11.
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For s=5:

 For s=7:

Camino Balbuena: Combgraf Seminary 

0 1 2 3 4 5 6 7 8 9

0 1 2 3 4 6 7 9 10

10 12 14 16 18 21

0 1 2 3 4 5 6 7 8 9

0 1 2 3 4 5 6 8 9

1 10 12 13 14 16 18 19 20 22 24

2 25 27 29 30 32 34 36 38 40 42

3 45



Exact values for s=5,7,11
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[AD2012]‐> For s=5,7,11,
(q+1;g)‐cages with g=6,8,12 and q a prime 
power belong to : 

EX(n;   {C3,C4, …,Cs})
where n= 2(1+q+q2+…+qg/2‐1) and s=g‐1.

The tool was:
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Lower bound for irregular graphs
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Alon, Hoory and Linial (2002): 
Every graph G with girth g and average degree

If  =  = k, then G is k‐regular and the lower bound is the
minimum possible order of a (k,g)‐cage.
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Case s=4: Ω = {C3,C4}
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Erdös (1975) ‐> To find 

Upper bound:
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Ω = {C3,C4}
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Garnick, Nieuwejaar (1992), Garnick, Kwong, Lazebnik (1993), 
Wang, Dueck, McMilland (2001)‐>  

Exact values of                   for n≤30. 
They also prove that

They provide a table with lower bounds for n≤200.
 Method: algorithms combining hill‐climbing, backtracking o 

simulated annealing techniques. 

 Abajo, B, Diánez (2010): We improve a lot of lower bounds by 
means of a theoretical result for an infinite family of values.
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Ω = {C3,C4}
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Theorem [BMM14]‐>

[BMM14]‐> Algorithm “Grow and Prune (GAP)”
 Start with G of g=5 and as many edges as possible.
 Delete a vertex x of minimum degree delta: 

 If there is x such that diam(G‐x)=4, delete x and add as many 
edges as necessary to obtain a graph on diameter3.

 If diam(G‐x)=3 for all x, delete x0 such that the minimum degree of 
G‐ x0 is delta‐1.

 If the minimum degree of G‐x is delta for all x, choose arbitrarily x
of minimum degree delta.
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Ω = {C3,C4}
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Theorem [ABD2010]‐> q a prime power

f4(10)=15,                         f4(21)=44, f4(20)=41.               
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Ω = {C3,C4}
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Theorem [AB2014, in preparation]‐> q a prime 
power
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For h=1, the lower bound contained in Theorem [ABD10] is improved in 
f4(q − 1) + 1.

For h≥2, the lower bound contained in Theorem [ABD10] is improved in 
f4(q − h) + h(q+1)-q.



Case s=5: HSAGA [TLBM09]
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Case s=7: HSAGA [TLBM09]
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Upper bounds for s=5,6
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[ABD2010]-> 



Asymptotics for s=5,6,7,10,11
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Theorem [ABD2012]‐> 
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Gracias por vuestra atención!
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