
Generalized Linear
Polyominoes, Green functions

and Green matrices

A. Carmona
1
, A.M. Encinas

1
and M. Mitjana

2
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� A invertible such that 1 + v⊥A−1u �= 0
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Why? Who? What?

Sherman-Morrison formula:

� A invertible such that 1 + v⊥A−1u �= 0

� (A+ uv⊥)−1 = A−1 − A−1uv⊥A−1

1 + v⊥A−1u

� (A+ UCV )−1 = A−1 −A−1U(C−1 + V A−1U)−1V A−1
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Introduction

Why? Who? What?

Sherman-Morrison formula:

� A invertible such that 1 + v⊥A−1u �= 0

� (A+ uv⊥)−1 = A−1 − A−1uv⊥A−1

1 + v⊥A−1u

� (A+ UCV )−1 = A−1 −A−1U(C−1 + V A−1U)−1V A−1

� GH = G −
n�

i,j=1
bijPG(σi)G(σj)
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Polyominoes supported by a path

Generalized linear Polyominoes: Ln

� V =
�
x1, . . . , x2n

�

x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� ci = c(xi, xi+1) > 0, i = 1, . . . , 2n− 1
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Polyominoes supported by a path

Generalized linear Polyominoes: Ln

� V =
�
x1, . . . , x2n

�

x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� ci = c(xi, xi+1) > 0, i = 1, . . . , 2n− 1

� ai = c(xi, x2n+1−i) ≥ 0, i = 1, . . . , n− 1
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Polyominoes supported by a path

Generalized linear Polyominoes: Ln

� V =
�
x1, . . . , x2n

�

x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� ci = c(xi, xi+1) > 0, i = 1, . . . , 2n− 1

� ai = c(xi, x2n+1−i) ≥ 0, i = 1, . . . , n− 1

� Link number P ∈ Ln: s = #{i : ai > 0}
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Polyominoes supported by a path

Generalized linear Polyominoes: Ln

� Path

x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1
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Polyominoes supported by a path

Generalized linear Polyominoes: Ln

� Cycle

x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1
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Polyominoes supported by a path

Generalized linear Polyominoes: Ln

� Linear chain

x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1
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Polyominoes supported by a path

Generalized linear Polyominoes: Ln

� Linear hexagonal chain
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Polyominoes supported by a path

Generalized linear Polyominoes: Ln

� Phenylene
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Green function

Combinatorial Laplacian
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� Laplacian operator: L(u)(x) =
�

y∈V
c(x, y)

�
u(x)− u(y)

�
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Introduction

Green function

Combinatorial Laplacian
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

�

Combinatorial Laplacian: L

L =





c1 + ai1 −c1 −ai1
−c1 c1 + c2 + ai2 −c2 −ai2

. . .
. . .

. . .
−ai2 −c2n−2 c2n−2 + c2n−1 + ai2 −c2n−1

−ai1 −c2n−1 c2n−1 + ai1
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Green function

Combinatorial Laplacian
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� L is positive semi–definite, singular and L(v) = 0 iff v = cte
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Green function

Combinatorial Laplacian
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� L is positive semi–definite, singular and L(v) = 0 iff v = cte

� Green operator and Green function: G and G(x, y)

� If �f, 1� = 0, then u = G(f) is the unique solution of the
Poisson L(u) = f such that �u, 1� = 0
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Combinatorial Laplacian
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� L is positive semi–definite, singular and L(v) = 0 iff v = cte

� Green operator and Green function: G and G(x, y)

� Given f , then u = G(f) is the unique solution of the Poisson
equation L(u) = f − 1

n
�f, 1� such that �u, 1� = 0
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n
�·, 1� =⇒ G = L†
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Laplacian perturbation

Green function

Dipole Perturbation
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� We obtain the Polyominoe, by adding s edges



COMBGRAF 2014

Generalized Linear Polyominoes, Green functions and Green matrices

Laplacian perturbation

Green function

Dipole Perturbation
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� We obtain the Polyominoe, by adding s edges

� Dipole, σj =
√
aij

�
εxij

− εx2n+1−ij

�
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Laplacian perturbation

Green function

Dipole Perturbation
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� We obtain the Polyominoe, by adding s edges

� Dipole, σj =
√
aij

�
εxij

− εx2n+1−ij

�

� L = Lpath +
s�

j=1
Pσj , where Pσj (u) = σj�σj , u�
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Laplacian perturbation

Green function

Dipole Perturbation
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� We obtain the Polyominoe, by adding s edges

� Dipole, σj =
√
aij

�
εxij

− εx2n+1−ij

�

� Λ =
�
�Gpath(σm),σk�

�
=⇒

�
bkm

�
=

�
I+ Λ

�−1
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aij
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Laplacian perturbation

Green function

Dipole Perturbation
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� We obtain the Polyominoe, by adding s edges

� Dipole, σj =
√
aij

�
εxij

− εx2n+1−ij

�

� Λ =
�
�Gpath(σm),σk�

�
=⇒

�
bkm

�
=

�
I+ Λ

�−1

� G = Gpath −
s�

k,m=1

bkmPGpath(σm)Gpath(σk), Pστ (u) = σ�τ, u�
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Laplacian perturbation

Green function

Dipole Perturbation
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� We obtain the Polyominoe, by adding s edges

� Dipole, σj =
√
aij

�
εxij

− εx2n+1−ij

�

� Λ =
�
�Gpath(σm),σk�

�
=⇒

�
bkm

�
=

�
I+ Λ

�−1

� G(x, y) = Gpath(x, y)−
s�

k,m=1

bkmGpath(σm)(x)Gpath(σk)(y)
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Laplacian perturbation of a path

Green function of a path

Green function and effective resistance
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� The Green function of a path on 2n vertices is

�

Gpath(xi, xj) =
1

4n2




min{i,j}−1�

�=1

�2

c�
+

2n−1�

�=max{i,j}

(2n− �)2

c�

−
max{i,j}−1�

�=min{i,j}

k(2n− �)

c�
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Laplacian perturbation of a path

Green function of a path

Green function and effective resistance
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� Effective resistance

R(xi, xj) = G(xi, xi) +G(xj , xj)− 2G(xi, xj)
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Laplacian perturbation of a path

Green function of a path

Green function and effective resistance
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� Effective resistance

R(xi, xj) = G(xi, xi) +G(xj , xj)− 2G(xi, xj)

=
2n�

j=2

1

λj

(u(xj)− u(xi))
2
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Laplacian perturbation of a path

Green function of a path

Green function and effective resistance
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� Effective resistance R(xi, xj) =

max{i,j}−1�

�=min{i,j}

1

c�
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Laplacian perturbation of a path

Green function of a path

Green function and effective resistance
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� Kirchhoff index k =
1

2

�

x,y∈V
R(x, y) = 2n

�

x∈V
G(x, x)
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Laplacian perturbation of a path

Green function of a path

Green function and effective resistance
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� Kirchhoff index kpath =
2n−1�

�=1

�(2n− �)

c�
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Laplacian perturbation of a path

Green function of a path

Green function and effective resistance
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� Gpath(σk)(xj) = 2n
√
aik




2n−ik�

�=max{j,ik}

1

c�
−

2n−ik�

�=ik

1

c�
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Laplacian perturbation of a path

Green function of a path

Green function and effective resistance
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� �Gpath(σk),σm� = √
aikaim R(xmax{ik,im}, x2n+1−max{ik,im})
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Laplacian perturbation of a path

Green function of a path

Green function and effective resistance
x1 x2 x3 xn−1 xn

x2n x2n−1 x2n−2 xn+2 xn+1

c1 c2

c2n−1 c2n−2

cnaisais−1ai1

� �Gpath(σk),σm� = √
aikaim R(xmax{ik,im}, x2n+1−max{ik,im})

� OBJECTIVE: Determine
�
I+ Λ

�−1
,Λ =

�
�Gpath(σm),σk�

�
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Green Matrices

Type D matrices

Inverse of I+ Λ

� Λ =
�√

aikaim R(xmax{ik,im}, x2n+1−max{ik,im})
�
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Green Matrices

Type D matrices

Inverse of I+ Λ

� Λ =
�√

aikaim R(xmax{ik,im}, x2n+1−max{ik,im})
�

� D: Diagonal matrix with entries ai1 , . . . , ais
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Green Matrices

Type D matrices

Inverse of I+ Λ

� Λ =
�√

aikaim R(xmax{ik,im}, x2n+1−max{ik,im})
�

� D: Diagonal matrix with entries ai1 , . . . , ais

�

I+ Λ = D
1

2

�
D−1 + A

�
D

1

2 , where

A =





R(xi1 , x2n+1−i1) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is)

R(xi2 , x2n+1−i2) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is)

...
...

. . .
...

R(xis , x2n+1−is) R(xis , x2n+1−is) · · · R(xis , x2n+1−is)
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Green Matrices

Type D matrices

Inverse of I+ Λ

� Λ =
�√

aikaim R(xmax{ik,im}, x2n+1−max{ik,im})
�

� D: Diagonal matrix with entries ai1 , . . . , ais

�

I+ Λ = D
1

2

�
D−1 + A

�
D

1

2 , where

A =





R(xi1 , x2n+1−i1) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is)

R(xi2 , x2n+1−i2) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is)

...
...

. . .
...

R(xis , x2n+1−is) R(xis , x2n+1−is) · · · R(xis , x2n+1−is)





�
�
I+ Λ

�−1
= I− D

1
2 [D+ A−1]−1D

1
2
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Green Matrices

Type D matrices

Inverse of I+ Λ

� Λ =
�√

aikaim R(xmax{ik,im}, x2n+1−max{ik,im})
�

� D: Diagonal matrix with entries ai1 , . . . , ais

�

I+ Λ = D
1

2

�
D−1 + A

�
D

1

2 , where

A =





R(xi1 , x2n+1−i1) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is)

R(xi2 , x2n+1−i2) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is)

...
...

. . .
...

R(xis , x2n+1−is) R(xis , x2n+1−is) · · · R(xis , x2n+1−is)





� If αj = R(xij , x2n+1−ij ) =

2n−ij�

�=ij

1

c�
=⇒ A =

�
αmax{k,m}

�
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Green Matrices

Type D matrices

Inverse of I+ Λ

� Λ =
�√

aikaim R(xmax{ik,im}, x2n+1−max{ik,im})
�

� D: Diagonal matrix with entries ai1 , . . . , ais

�

I+ Λ = D
1

2

�
D−1 + A

�
D

1

2 , where

A =





R(xi1 , x2n+1−i1) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is)

R(xi2 , x2n+1−i2) R(xi2 , x2n+1−i2) · · · R(xis , x2n+1−is)
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...

. . .
...

R(xis , x2n+1−is) R(xis , x2n+1−is) · · · R(xis , x2n+1−is)





� If αj = R(xij , x2n+1−ij ) =

2n−ij�

�=ij

1

c�
=⇒ A =

�
αmax{k,m}

�
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Green Matrices

Type D matrices

Properties A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs
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Green Matrices

Type D matrices

Properties A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs

� Weak type D matrix: Σ =
�
αmin{k,m}

�



COMBGRAF 2014

Generalized Linear Polyominoes, Green functions and Green matrices

Green Matrices

Type D matrices

Properties A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs

� Weak type D matrix: Σ =
�
αmin{k,m}

�

A =





α1 α1 · · · α1

α1 α2 · · · α2

...
...

. . .
...

α1 α2 · · · αs
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Green Matrices

Type D matrices

Properties A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs

� Weak type D matrix: Σ =
�
αmin{k,m}

�

A =





α1 α1 · · · α1

α1 α2 · · · α2

...
...

. . .
...

α1 α2 · · · αs





� Type D matrix: If moreover α1 < · · · < αs
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Green Matrices

Type D matrices

Properties A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs

� Weak type D matrix: Σ =
�
αmin{k,m}

�

� Type D matrix: If moreover α1 < · · · < αs

� Flipped weak type D matrix: Σ =
�
αmax{k,m}

�
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Green Matrices

Type D matrices

Properties A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs

� Weak type D matrix: Σ =
�
αmin{k,m}

�

� Type D matrix: If moreover α1 < · · · < αs

� Flipped weak type D matrix: Σ =
�
αmax{k,m}

�

A =





α1 α2 · · · αs

α2 α2 · · · αs

...
...

. . .
...

αs αs · · · αs
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Type D matrices
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R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs

� Weak type D matrix: Σ =
�
αmin{k,m}

�

� Type D matrix: If moreover α1 < · · · < αs

� Flipped weak type D matrix: Σ =
�
αmax{k,m}

�

A =





α1 α2 · · · αs

α2 α2 · · · αs

...
...

. . .
...

αs αs · · · αs





� Flipped type D matrix: If moreover α1 > · · · > αs
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Type D matrices

Properties A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs

� Weak type D matrix: Σ =
�
αmin{k,m}

�

� Type D matrix: If moreover α1 < · · · < αs

� Flipped weak type D matrix: Σ =
�
αmax{k,m}

�

� Flipped type D matrix: If moreover α1 > · · · > αs

� Green matrix: G =
�
αmin{k,m}

�
◦
�
βmax{k,m}
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Green Matrices

Type D matrices

Properties A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs

� Weak type D matrix: Σ =
�
αmin{k,m}

�

� Type D matrix: If moreover α1 < · · · < αs

� Flipped weak type D matrix: Σ =
�
αmax{k,m}

�

� Flipped type D matrix: If moreover α1 > · · · > αs

� Green matrix: G =
�
αmin{k,m}

�
◦
�
βmax{k,m}

�

� gkm = αmin{k,m}βmax{k,m} =

�
αkβm, if k ≤ m,

αmβk, if k ≥ m
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Green Matrices

Type D matrices

Properties A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs

� Weak type D matrix: Σ =
�
αmin{k,m}

�

� Type D matrix: If moreover α1 < · · · < αs

� Flipped weak type D matrix: Σ =
�
αmax{k,m}

�

� Flipped type D matrix: If moreover α1 > · · · > αs

� Green matrix: G =
�
αmin{k,m}

�
◦
�
βmax{k,m}

�

� G is a non singular Green matrix iff G−1 is a tridiagonal
and irreducible matrix. [GK 40’s]
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Green Matrices

Type D matrices

Properties of A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs ( αs+1 = 0)

� Flipped weak type D matrix: Σ =
�
αmax{k,m}

�

� Flipped type D matrix: If moreover α1 > · · · > αs
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Green Matrices

Type D matrices

Properties of A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: α1, . . . ,αs ( αs+1 = 0)

� Flipped weak type D matrix: Σ =
�
αmax{k,m}

�

� Flipped type D matrix: If moreover α1 > · · · > αs

�

Σ is invertible iff αi �= αi+1. Moreover, if γj = (αj−αj+1)−1

Σ−1 =





γ1 −γ1 0 · · · 0

−γ1 γ1 + γ2 −γ2 · · · 0

...
...

. . .
. . .

...

0 0 · · · γs−2 + γs−1 −γs−1

0 0 · · · −γs−1 γs−1 + γs
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Green Matrices

Type D matrices

Properties of A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: αj = R(xmax{ik,im}, x2n+1−max{ik,im})

� α1 > · · · > αs > 0 =⇒ A is a flipped type D matrix
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Green Matrices

Type D matrices

Properties of A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: αj = R(xmax{ik,im}, x2n+1−max{ik,im})

� α1 > · · · > αs > 0 =⇒ A is a flypped type D matrix
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Green Matrices

Type D matrices

Properties of A =

�
R(xmax{ik,im}, x2n+1−max{ik,im})

�

� Parameters: αj = R(xmax{ik,im}, x2n+1−max{ik,im})

� α1 > · · · > αs > 0 =⇒ A is a flypped type D matrix

�
A−1 =





γ1 −γ1 0 · · · 0

−γ1 γ1 + γ2 −γ2 · · · 0

...
...

. . .
. . .

...

0 0 · · · γs−2 + γs−1 −γs−1

0 0 · · · −γs−1 γs−1 + γs





γs = R(xis , x2n+1−is)
−1,

γk =
�
R(xik , xik+1

) +R(x2n+1−ik+1
, x2n+1−ik)

�−1
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Sturm–Liouville Problems

Computing
�
bkm

�
= (I+ Λ)−1, s ≥ 3

�
�
I+ Λ

�−1
= I− D

1
2 (A−1 + D)−1D

1
2
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Green Matrices

Sturm–Liouville Problems

Computing
�
bkm

�
= (I+ Λ)−1, s ≥ 3

�
�
I+ Λ

�−1
= I− D

1
2 (A−1 + D)−1D

1
2

�
A−1 + D is tridiagonal and therefore,

�
A−1 + D

�−1
is a Green

matrix, that is determined by the green function of a discrete
Sturm–Liouville problem.
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Green Matrices

Sturm–Liouville Problems

Computing
�
bkm

�
= (I+ Λ)−1, s ≥ 3

�
�
I+ Λ

�−1
= I− D

1
2 (A−1 + D)−1D

1
2

�
A−1 + D is tridiagonal and therefore,

�
A−1 + D

�−1
is a Green

matrix, that is determined by the green function of a discrete
Sturm–Liouville problem.





ai1 + γ1 −γ1 0 · · · 0

−γ1 ai2 + γ1 + γ2 −γ2 · · · 0

...
...

. . .
. . .

...

0 0 · · · ais−1
+ γs−2 + γs−1 −γs−1

0 0 · · · −γs−1 ais + γs−1 + γs
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Green Matrices

Sturm–Liouville Problems

Computing
�
bkm

�
= (I+ Λ)−1, s ≥ 3

�
�
I+ Λ

�−1
= I− D

1
2 (A−1 + D)−1D

1
2

�
A−1 + D is tridiagonal and therefore,

�
A−1 + D

�−1
is a Green

matrix, that is determined by the green function of a discrete
Sturm–Liouville problem.





ai1 + γ1 −γ1 0 · · · 0

−γ1 ai2 + γ1 + γ2 −γ2 · · · 0

...
...

. . .
. . .

...

0 0 · · · ais−1
+ γs−2 + γs−1 −γs−1

0 0 · · · −γs−1 ais + γs−1 + γs





� (aik + γk−1 + γk)zk − γk−1zk−1 − γkzk+1 = 0
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Green Matrices

Sturm–Liouville Problems

Computing
�
bkm

�
= (I+ Λ)−1, s ≥ 3

�
�
I+ Λ

�−1
= I− D

1
2 (A−1 + D)−1D

1
2

�
A−1 + D is tridiagonal and therefore,

�
A−1 + D

�−1
is a Green

matrix, that is determined by the green function of a discrete
Sturm–Liouville problem.

� (aik + γk−1 + γk)zk − γk−1zk−1 − γkzk+1 = 0, 2 ≤ k ≤ s− 1
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Green Matrices

Sturm–Liouville Problems

Computing
�
bkm

�
= (I+ Λ)−1, s ≥ 3

�
�
I+ Λ

�−1
= I− D

1
2 (A−1 + D)−1D

1
2

�
A−1 + D is tridiagonal and therefore,

�
A−1 + D

�−1
is a Green

matrix, that is determined by the green function of a discrete
Sturm–Liouville problem.

� (aik + γk−1 + γk)zk − γk−1zk−1 − γkzk+1 = 0, 2 ≤ k ≤ s− 1

�

If {uk}sk=1, {vk}sk=1 are two solutions satisfying

u1 = γ1, u2 = ai1 + γ1, vs−1 = ais + γs−1 + γs, vs = γs−1,

bkm = δkm −
√
aikaim

γ1
�
(ai1 + γ1)v1 − γ1v2

� umin{k,m}vmax{k,m}
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Unicycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h

a

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n = ah > 0
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Unicycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h

a

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n = ah > 0

� (I+ Λ)−1 =
1

c2n

�
1

c2n
+

2n−h�
j=h

1

cj

�−1
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Unicycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h

a

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n = ah > 0

G(xi, xj) =
1

4n2




min{i,j}−1�

k=1

k2

ck
+

2n−1�

k=max{i,j}

(2n− k)2

ck
−

max{i,j}−1�

k=min{i,j}

k(2n− k)
ck





− 1
4n2

�
1
c2n

+
2n−h�

k=h

1
ck

�−1



2n−h�

k=h

k
ck

− 2n
2n−h�

k=φh(i)

1
ck





×




2n−h�

k=h

k
ck

− 2n
2n−h�

k=φh(j)

1
ck
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Unicycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h

a

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n = ah > 0

R(xi, xj) =
min{h,max{i,j}}−1�

k=min{h,i,j}

1
ck

+
max{2n+1−h,i,j}−1�

k=max{2n+1−h,min{i,j}}

1
ck

+

�
1
c2n

+
2n−h�

k=h

1
ck

�−1



φh(max{i,j})−1�

k=φh(min{i,j})

1
ck





×



 1
c2n

+
φh(min{i,j})−1�

k=h

1
ck

+
2n−h�

k=φh(max{i,j})

1
ck
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Unicycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h

a

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n = ah > 0

k =
2n�

k=1

k(2n− k)
ck

+

�
1
c2n

+
2n−h�

k=h

1
ck

�−1

×




�
2n−h�

k=h

k
ck

�2

− 2n
2n−h�

k=h

�
2n−h�

m=k

1
cm

�2

− 2n(h− 1)

�
2n−h�

k=h

1
ck

�2
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Cycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h = 1

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n
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Cycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h = 1

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n

� (I+ Λ)−1 =
1

c2n

�
2n�
j=1

1

cj

�−1
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Cycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h = 1

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n

G(xi, xj) =
1

4n2




min{i,j}−1�

k=1

k2

ck
+

2n�

k=max{i,j}

(2n− k)2

ck
−

max{i,j}−1�

k=min{i,j}

k(2n− k)

ck





− 1

4n2

�
2n�

k=1

1

ck

�−1 � 2n�

k=1

k

ck
− 2n

2n�

k=i

1

ck

�


2n�

k=1

k

ck
− 2n

2n�

k=j

1

ck
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Cycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h = 1

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n

R(xi, xj) =

�
2n�

k=1

1

ck

�−1



max{i,j}−1�

k=min{i,j}

1

ck








min{i,j}−1�

k=1

1

ck
+

2n�

k=max{i,j}

1

ck
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Cycle

Solution of Sturm–Liouville problems

s = 1 and i1 = h = 1

xh xn−1 xn

x2n+1−h xn+2 xn+1

ch cn−1

cn

cn+1

x1 x2

x2n x2n−1

c1 c2

c2n−2c2n−1

c2n

R(xi, xj) =

�
2n�

k=1

1

ck

�−1



max{i,j}−1�

k=min{i,j}

1

ck








min{i,j}−1�

k=1

1

ck
+

2n�

k=max{i,j}

1

ck





k =
2n�

k=1

k(2n− k)

ck
+

�
2n�

k=1

1

ck

�−1



�
2n−1�

k=1

k

ck

�2

− 2n
2n−1�

j=1




2n−1�

k=j

1

ck
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1

� 2qzk − zk+1 − zk−1 = 0, k = 2, . . . , s− 1 q = 1 +
a

c
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1

� 2qzk − zk+1 − zk−1 = 0, k = 2, . . . , s− 1 q = 1 +
a

c

� Qk(q) =

� �
2(n− h− s) + 1

�
Vk(q) + 2Uk(q), k ≥ 0,

2(n− h− s+ k) + 3 k ≤ 0.
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1

� (I+ Λ)−1
ij

= δij −
aVmin{i,j}−1(q)Qs−max{i,j}(q)

cVs(q) + a
�
2(n− s− h) + 1

�
Us−1(q)
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1

vj,m =

√
a

c

�
2
�
n− φh+m−1(j)

�
+ 1

�
, u = (I+ Λ)−1v
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1

vj,m =

√
a

c

�
2
�
n− φh+m−1(j)

�
+ 1

�
, u = (I+ Λ)−1v

uj,m =

√
aVmin{φh(j)−h,m−1}(q)Qs−1−max{φh(j)−h,m−1}(q)

cVs(q) + a
�
2(n− s− h) + 1

�
Us−1(q)
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1

G(xi, xj) = G(x2n+1−i, x2n+1−j) = Gpath(xi, xj)−
1

4
�ui, vj�,

G(xi, x2n+1−j) = G(x2n+1−i, xj) = Gpath(xi, x2n+1−j) +
1

4
�ui, vj�
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1

R(xi, xj) = Rpath(xi, xj)−
1

4

�
�ui, vi�+ �uj , vj� − 2�ui, vj�

�

R(xi, x2n+1−j) = Rpath(xi, x2n+1−j)−
1

4

�
�ui, vi�+ �uj , vj�+ 2�ui, vj�

�
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1

k =
n

3c
(4n2 − 1)− 1

2

n�

j=1

�uj , vj�
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Ladder-like chains

Solution of Sturm–Liouville problems

s ≥ 3, aij = a > 0 and cj = c

x1

x2n

c

xh+s−1 xn

x2n+2−h−s xn+1

c c

c

c c

a a a

xh

a

x2n+1−h

xh+1

k =
n(4n2 − 1)

3c
− n

c

�
(h+ s− 1)

�
2(n− h) + 1

�
− s(s− 1)

�

+
n
�
n− h− s+ 1

��
6c2 − a(a+ 2c)

�
2(n− h− s) + 1

��
2(n− h− s) + 3

��

3c(a+ 2c)
�
cVs(q) + a

�
2(n− h− s) + 1

�
Us−1(q)

� Us−1(q)

+
n
�
(h− 1)(a+ 2c)Qs−1(q) + cs

��
2(n− h− s) + 1

�
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