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Who? What?

Sherman-Morrison formula:

» A invertible such that 1 +v-A" u # 0
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Generalized Linear Polyominoes, Green functions and Green matrices

L Introduction

Llz’olyomim) s supported by a path
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Generalized Linear Polyominoes, Green functions and Green matrices

L Introduction

LPolyominoes supported by a path

Generalized linear Polyominoes: L,

» V= {1717'"7:):271}
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W EEEEEEN
i, Ay Qi Cn
W EEEEEEN
Cop—1 = C2n—2
Lan Toan—1 Toan—2 Tpt+2  Tptl

> Ci:C(xi,xi—o—l) >0,2=1,...,2n—1
» a; = c(z;, Topt1—i) > 0,i=1,...,n—1
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L Introduction
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L Introduction
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L Introduction
L Green function

Combinatorial Laplacian
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L Introduction

L Green function

Combinatorial Laplacian
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L Introduction

L Green function

Combinatorial Laplacian
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» | L is positive semi—definite, singular and L£(v) = 0 iff v = cte

» | Green operator and Green function: G and G(z,y)

> If (f,1) = 0, then u = G(f) is the unique solution of the
Poisson £(u) = f such that (u,1) =0
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L Introduction

L Green function
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Combinatorial Laplacian
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Combinatorial Laplacian
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» | L is positive semi—definite, singular and L£(v) = 0 iff v = cte

» | Green operator and Green function: G and G(z,y)

Given f, then uw = G(f) is the unique solution of the Poisson
g equation £(u) = f — 1(f, 1) such that (u,1) =0
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LLa.placian perturbation
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LLaplacian perturbation

L Green function
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» We obtain the Polyominoe, by adding s edges

> DlI)Ole, O—J - \/@(67[” - 6-752'rr,+1—ij)
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Generalized Linear Polyominoes, Green functions and Green matrices

L Laplacian perturbation

L Green function

Dipole Perturbation
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Lon Ton—1 Ton-2 Tnt+2  Tptl

» We obtain the Polyominoe, by adding s edges

> DlI)Ole, O—J - \/@(57[” - 6-”52'rr,+1—ij)

> A= (67 (). 08)) = | (bum) = (1+-A)
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» We obtain the Polyominoe, by adding s edges
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Generalized Linear Polyominoes, Green functions and Green matrices

LLaplacian perturbation of a path

LGreen function of a path

Green functionxlanxgi gﬁective resistance

Tp-1 Tp

c e
Con—12 C2n—2

Top Top—-1 Top-2 Tp2  Tpyl

» The Green function of a path on 2n vertices is

min{i,j}—1 2 2n—1 2
1 l (2n —¥)
Gt (. ) = - § _ 7
(QZZ,.Z']) 471,2 Cy + . Cy
=1 f{=max{i,j}
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COMBGRAF 2014



Generalized Linear Polyominoes, Green functions and Green matrices

LL

aplacian perturbation of a path

LGreen function of a path

Green function and effective resistance
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» Effective resistance
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LLaplacian perturbation of a path

LGreen function of a path

Green function and effective resistance
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1 Cy

Cn
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Top Top—1 Top—2 Tpt2  Tpgl

» Effective resistance

R($i7 xj) = G(x% xl) + G(xj’ $j) - 20(1‘1, xj)
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LL

aplacian perturbation of a path

LGreen function of a path

Green function and effective resistance
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LL

aplacian perturbation of a path

LGreen function of a path

Green function and effective resistance
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LL

aplacian perturbation of a path

LGreen function of a path

Green function and effective resistance

Ty T2 T3 Tn-1 Tn

c )
(¢ Con—2
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LLapl‘ ian perturbation of a path

LGreen function of a path

Green function and effective resistance

Ty T2 T3 Tn-1 Tn

c )
Con—1 2 C2n—2

Lon Ton—-1 Ton-2 Tnt2  Tntl

> <gpath(0,k)’ 0m> = Qi Qi R(xmax{ik,im}7 m2n+17max{ik,im})

-1

N = ((G""(om), on))

» | OBJECTIVE: | Determine (I —|—/\)
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een Matr

LType D matrices

Inverse of | + A

( g, A, R(:Ijrrlzxx{i;‘,,'lﬁ,,,,}v m?n—i—l—max{i;‘,,'lﬁ,,,,}))

COMBGRAF 2014
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L Green Matr

LType D ma

Inverse of | + A

> N\ = (\/ g, A, R(:Ijrrlzxx{i;‘,,'lﬁ,,,,}v m?n—i—l—rnax{i;‘,,’/ﬁ,,,,}))

» D: Diagonal matrix with entries a;,, ..., a;,
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Generalized Linear Polyominoes, Green functions and Green matrices

Inverse of | + A

> N\ = (\/ g, A, R(:Ijrrlzxx{i;‘,,'lﬁ,,,,}v m?n—i—l—rnax{i;‘,,’/ﬁ,,,,}))

» D: Diagonal matrix with entries a;,, ..., a;,

I+A= D% [D_l -+ A]D%, where

R(2i,, Tont1-4,)

A=

xi27x2n+17i2) R($i579€2n+145)

R(
> R(%iy, Tont1-4,) R(Tiy, Tony1-4,) -+ R(Ti,, Tant1-4,)

R(x;,, xon+1-i,) R(xi,,Tont1-i,) -+ R(xi,,Tont1-i,)
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Generalized Linear Polyominoes, Green functions and Green matrices

Inverse of | + A

> N\ = (\/ g, A, R(:Ijrrlzxx{i;‘,,'lﬁ,,,,}v m?n—i—l—rnax{i;‘,,’/ﬁ,,,,}))

» D: Diagonal matrix with entries a;,, ..., a;,

I+A= D% [D_l -+ A]D%, where

R(%iy, Tont1-iy) R(@iy Tony1-4,) -+ R(%i,, Tant1-4,)
> R(%iy, Tont1-4,) R(Tiy, Tony1-4,) -+ R(Ti,, Tant1-4,)
A =
R(x;,, xon+1-i,) R(xi,,Tont1-i,) -+ R(xi,,Tont1-i,)
-1 1 T
»| (1+A) " =1-D}D+A 11D}
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Generalized Linear Polyominoes, Green functions and Green matrices

Inverse of | + A

> N\ = (\/ g, A, R(:I;Inax{i;‘,,’/ﬁ,,,,}a m?n,—i—l—rnax{ik,’/ﬁm}))

» D: Diagonal matrix with entries a;,, ..., a;,

I+A= D% [D_l -+ A] D%, where

R(Ii17x2n+1*i1) R(
> R(Tiy, Tant1-4i,) R
A =

xi27x2n+17i2> R($i57962n+17i5)

Tiyy Tan+l—iy) - B(Ti,, Tant1-i,)

R(x;,, xon+1-i,) R(xi,,Tont1-i,) -+ R(xi,,Tont1-i,)

2n—1;

1
> |If oy = R(«Tz‘j7$2n+1—ij) = E Zg
l=i;
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Generalized Linear Polyominoes, Green functions and Green matrices

Inverse of | + A

> N\ = (\/ g, A, R(:I;Inax{i;‘,,’/ﬁ,,,,}a m?n,—i—l—rnax{ik,’/ﬁm}))

» D: Diagonal matrix with entries a;,, ..., a;,

I+A= D% [D_l -+ A] D%, where
R(%iy, Tont1-iy) R(@iy Tony1-4,) -+ R(%i,, Tant1-4,)
> A R(Tiy, Tont1-4iy) R(Tiy, Tont1-i,) -+ R(Ti,, T2nt1-4,)

R(x;,, xon+1-i,) R(xi,,Tont1-i,) -+ R(xi,,Tont1-i,)

2n—1; 1
> | If oy = R(xij7m2n+1—ij) = ZZ — A= (amax{k,m})
=i
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Generalized Linear Polyominoes, Green functions and Green matrices
L Green Matri

LType D matrices

Propertles A= R(ljmax{ik,im}v x?r’LHfInaX{ik,im})

» Parameters: aq, ..., Qg
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Generalized Linear Polyominoes, Green functions and Green matrices
L Green Matr

LType D ma

Propertles A= R<:’Umax{ik,im}7 x?r’LHfInaX{ik,im})

» Parameters: aq, ..., Qg

» Weak type D matrix: > = (amin{k,m}>
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Generalized Linear Polyominoes, Green functions and Green matrices
L Green Matric

L Type D mat

Propertles A= R<:’Umax{ik,im}7 x?r’LHfInaX{ik,im})

» Parameters: aq, ..., Qg

» Weak type D matrix: > = (amin{k,m}>

a1 O s Qq

a1 Q9 te 9
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Generalized Linear Polyominoes, Green functions and Green matrices
L Green Matrices

LType D matri

Propertles A= R<$max{ik,im}7 :I;QTL+17HIZ%X{I']€7’L‘,”})

» Parameters: aq, ..., Qg

» Weak type D matrix: ¥ = (amin{k,m}>

(o5 (03] te (&3]

a1 Q9 te 9
A=

a1 Qo v Qg

» Type D matrix: If moreover o < -+ <
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Generalized Linear Polyominoes, Green functions and Green matrices

Propertles A= (R<$max{ik,im}v :I;QT'L+1IIIZ%X{ik7i,,l}))

» Parameters: aq, ..., Qg

» Weak type D matrix: > = (amin{k,m}>

» Type D matrix: If moreover a; < -+ <

» Flipped weak type D matrix: ¥ = (amax{kmﬁ
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Generalized Linear Polyominoes, Green functions and Green matrices

L Green Matrices

LType D matri

Propertles A= (R<$max{ik,im}v x?rhtlmax{ibim}))

» Parameters: aq, ..., Qg

» Weak type D matrix: > = (amin{k,m}>

» Type D matrix: If moreover a; < -+ <

» Flipped weak type D matrix: ¥ = (amax{kmﬁ

(05] 9 e g

Qg Qg - Qg
A=

Qg O Qg
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Generalized Linear Polyominoes, Green functions and Green matrices

Propertles A= (R<$max{ik,im}v x?rhtlmax{ibim}))

» Parameters: aq, ..., Qg

» Weak type D matrix: > = (amin{k,m}>

» Type D matrix: If moreover a; < -+ <

» Flipped weak type D matrix: ¥ = (amax{kmﬁ

(05] 9 e g

Qg Qg - Qg
A=

Qg Qg -+ Qg

» Flipped type D matrix: If moreover aiy > -+ > ag
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Generalized Linear Polyominoes, Green functions and Green matrices
L Green Ma

L Type D matrices

Propertles A= (R<$max{ik,im}v x?rhtlrnax{ibim}))

» Parameters: aq, ..., Qg

» Weak type D matrix: > = (amin{mn})

» Type D matrix: If moreover a; < -+ <

» Flipped weak type D matrix: ¥ = (amax{k’,m}>

» Flipped type D matrix: If moreover ay > --- > ag

» Green matrix: G = (amin{k;,m}) © (6max{k,m})
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Linear Polyominoes, Green functions and Green matrices

Propertles A= (R<$max{ik,im}v x?rhtlrnax{ibim}))

» Parameters: aq, ..., Qg

» Weak type D matrix: > = (amin{mn})

» Type D matrix: If moreover a; < -+ <

» Flipped weak type D matrix: ¥ = (amax{k’,m}>

» Flipped type D matrix: If moreover ay > --- > ag

» Green matrix: G = (amin{k;,m}) © (6max{k,m})

> | 9km =

Cmin{k,m} Bmax{kym} =

O[k,Bm,

amﬁk:

if & <m,
if k>m
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Linear Polyominoes, Green functions and Green matrices

Propertles A= (R<$max{ik,im}v x?rhtlrnax{ibim}))

» Parameters: aq, ..., Qg

» Weak type D matrix: > = (amin{mn})

» Type D matrix: If moreover a; < -+ <

» Flipped weak type D matrix: ¥ = (amax{k’,m}>

» Flipped type D matrix: If moreover ay > --- > ag

» Green matrix: G = (amin{k;,m}) © (6max{k,m})

G is a non singular Green matrix iff G™1 is a tridiagonal

> | and irreducible matrix. [GK 40's]
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Generalized Linear Polyominoes, Green functions and Green matrices

Properties of A = <R<J;max{ik,im}7 $271,+1Irlax{ik,’i7n}>)

» Parameters: aq, ..., ((asy1 = 0)

» Flipped weak type D matrix: ¥ = (amax{km})

» Flipped type D matrix: If moreover ay > --- > ag
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near Polyominoes, Green functions and Green matrices

Properties of A = <R<J;max{ik,im}7 $271,+1Irlax{ik,’i7n}>)

» Parameters: aq, ..., ((asy1 = 0)

» Flipped weak type D matrix: ¥ = (amax{km})

» Flipped type D matrix: If moreover ay > --- > ag

Y is invertible iff o;; # a1. Moreover, if v; = (¢ —aj+1)_1
[ ™ -n 0 0 ]
-7 Mt 7 B 0
> s
0 0 T Ys—2tVYe—1 —Vs—1
L 0 e — Vol Vil )
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Generalized Linear Polyominoes, Green functions and Green matrices
L Green Matr

LType D ma

Propertles of A = R(-Tmax{i;{,im}: x?n#lfrrlax{ik,im})

» Parameters: ay = R(‘/L‘ma‘x{ik,,im}v w27z+lfrTla‘x{ik,ﬂim})

> o> >as >0

COMBGRAF 2014



Generalized Linear Polyominoes, Green functions and Green matrices

L Green Matrices

LType D matrices

Properties of A = <R<mmax{ik,im}7 $27L+11’I13X{ik,im}>)

» Parameters: ay = R(‘/L‘ma‘x{ik,,im}v w27z+lfrTla‘x{ik,ﬂim})

> ap > - >as > 0= Ais a flypped type D matrix

COMBGRAF 2014



near Polyominoes, Green functions and Green matrices

Properties of A = <R<mmax{ik,im}7 $27L+11’I13X{ik,im}>)

» Parameters: ay = R(‘/L‘ma‘x{ik,,im}v w27z+lfrTla‘x{ik,ﬂim})

> ap > - >as > 0= Ais a flypped type D matrix

[ -m 0 o 0 ]
N Mt -7 e 0
AT =
> 0 0 Tt VYs—2 T VYs—1 —Vs—1
| 0 0 —Ys—1 Ys—1 + Vs |
¥s = R(%s,, Tant1-4,) "1,
Vi = [R(Tiy,, Tipy,) + R(@on41—ip 1> T2nt1-ip )] -
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L Sturm-Liouville Problems
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ille Problems

Computing (bkm) =(1+MN"1 s>3

» (I+A) ' =1-D2(A 1+ D) Dz

_ 9 o o _ —1 .
A~! + D is tridiagonal and therefore, (A™* + D) is a Green
P | matrix, that is determined by the green function of a discrete
Sturm—Liouville problem.
[ai, + 71 N 0 e 0 ]
N Gtz o2 e 0
0 0 T Qg+ Ys—2 + Ys—1 —Ys—1
L 0 0 e Vs—1 A + Vs—1 + A,"s_
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s and Green matrices

Computing (bkm) =(1+MN"1 s>3

» (I+A) ' =1-D2(A 1+ D) Dz

A~! + D is tridiagonal and therefore, (A~ + D)_1 is a Green
P | matrix, that is determined by the green function of a discrete
Sturm—Liouville problem.

a;, + 71 N 0 e 0
N Gtz o2 e 0
0 0 ey, Ys—2 + Ys—1 —Vs—1
| 0 0 EE —Ys—1 @i, + Vs—1 + Vs |

» (@i, + Ve—1+ VK)%k — Ve—12k—1 — VkZkt1 =0
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lle Problems

Computing (bkm) =(1+MN"1 s>3

» (I+A) ' =1-D2(A 1+ D) Dz

A~! + D is tridiagonal and therefore, (A~ + D)_1 is a Green
P | matrix, that is determined by the green function of a discrete
Sturm—Liouville problem.
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lle Problems

Computing (bkm) =(1+MN"1 s>3

1

» (I+A) ' =1-D2(A 4+ D) 'D2

A~! + D is tridiagonal and therefore, (A~ + D)_1 is a Green
P | matrix, that is determined by the green function of a discrete
Sturm—Liouville problem.

> | (aip +Yo—1 + V)2 — Ve—12k—1 — Vk2kt1 =0, 2< k < s—1

If {ur}i_q, {vi}i_, are two solutions satisfying
U = Y1, U2 = Qj; + V1, VUs—1 = Qj; + Vs—1 + Vss Us = Vs—1,

\ Wiy, Ay

v1 (@i, +71)v1 — M102

bkm = Okm — ) Umin{k,m} Ymax{k,m}
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LUnicycle
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LUnicycle

LSolution of Sturm—Liouville pro

s=1and i =h

Con = ap, >0

2n-1 Con—2
Lon Ton—1 Lont1-h Tnt2  Tntl

—1
1 1 2n—h 1

1+ =— | —+ 3 —

Con | Con j=h Cj
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L Unicycle

Solution of Sturm-Liouville problems

s=1and i =h

Con = ap, >0

Cnt1

Tnt2  Tntl

Lon Ton—1 Lont1-h

min{s,j}—1 2 2n—1 P 2 max{%,5}—1 P
, 1 k (2n — k) k(2n — k)
Gaoz)=g5| 2 o+ 2 T X T

k=min{i,5}

n= ke
k=1 k=max{1,j}
2n—h 2n—h 2n—nh
1 1 1 k 1
n C Ck Ck Ck
2n k=h " k=n F k=ap (i) "
2n—h 2n—h
k 1
X E —2n E
CL c
k=h k=¢n(3)
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L Unicycle

Solution of Sturm-Liouville problems

s=1and i =h

@ Xy T Tp_1 Tp

Con = ap, >0

;

Can—1 Con—2 Cnt1

Ton T2n-1 L2n+1-h Tnt2  Tntl
min{h,max{%,5}}—1 1 max{2n+1—h,i,j}—1
R(zi,zj) = g — + g —
C Cr
k=min{h,i,j} k k=max{2n+1—h,min{s,5}} !
2n—h -1 ép (max{i,j})—1

1 1 1
+ + > > o

Ck
k=h k=¢p (min{i,j})

2n—nh

1 1
o - Z Ck

k=¢, (max{i,5})

¢p, (min{

C2n
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L Unicycle

Solutio

of Sturm-Liouville problems

h

s =1 and #;

T Tp_1 Tp

Con = ap, >0

Cps
Lon  Ton-1 L2n+1-h In+2l 1Inﬂ
2 k(2n — k) 1 R I
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[ C

Jycle

LSolution of Sturm-Liouville problems

land iy =h =
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LSolution of Sturm—Liouville pro
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LCycle

LSolution of Sturm-Liouville problems

s=1landiy =h=1
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Ladder-like chai

LSolution of Sturm-Liouville pr

s>3,a;=a>0and¢; =c
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O(.O_0.0_O(
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L Ladder-like chains

LSolution of Sturm-Liouville problems
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L Ladder-like chains

LSolution of Sturm—Liouville pro
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L Ladder-like chains

LSolution of Sturm-Liouville problems
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L Ladder-like chains

LSolution of Sturm-Liouville problems
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O(.O_0.0_O(
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Hexagonal Chain. s > 3

u(k) cUk(q) — (4a + ¢)Ug—1(q)]

c

o) = 1= (3Us4(a) — Us11(a)]
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La, ins

L Hexagonal Chains

Hexagonal Chain. s > 3

L e(q) — (40 + OUs_1(q)

" 8n

u(k)

c

o(k) = 1= 5Us 4(0) = Vs i1 (@)

320n2

[+ A)~t = Opm — .
(( + ) )k'm km C(C‘/;il(q)+5aU371(q))umln{k,m}vmax{k,m}
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Hexagonal Chain. s =4
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Hexagonal Chain. s =4
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